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We study higher dimensional scenarios of massive bigravity, which is a very interesting extension of
nonlinear massive gravity since its reference metric is assumed to be full dynamical. In particular, the
Einstein field equations along with the following constraint equations for both physical and reference
metrics of a five-dimensional massive bigravity will be addressed. Then, we study some well-known
cosmological spacetimes such as the Friedmann-Lemaitre-Robertson-Walker, Bianchi type I, and
Schwarzschild-Tangherlini metrics for the five-dimensional massive bigravity. As a result, we find
that massive graviton terms will serve as effective cosmological constants in both physical and
reference sectors if a special scenario, in which reference metrics are chosen to be proportional to
physical ones, is considered for all mentioned metrics. Thanks to the constancy property of massive
graviton terms, consistent cosmological solutions will be figured out accordingly.
PACS numbers: 04.50.Kd, 04.50.-h, 95.30.Sf, 98.80.Jk
I. INTRODUCTION
Recently, a nonlinear massive gravity has been success-
fully constructed by de Rham, Gabadadze, and Tolley
(dRGT) [1] as a generalization of massive gravity pro-
posed by Fierz and Pauli in a seminal paper [2, 3]. As
a result, the most important property of the dRGT the-
ory is that it has been proved to be free of the so-called
Boulware-Deser (BD) ghost [4] by different approaches
whatever the form of reference (or fiducial) metric [5].
In fact, many cosmological and physical aspects of the
dRGT theory have been investigated extensively, which
can be found in recent interesting review papers [6].
It is known that a second metric fab in the massive
gravity, which is usually called a reference (or fiducial)
metric to distinguish it from a dynamical physical met-
ric gµν , is assumed to be non-dynamical. It is introduced
along with the Stu¨ckelberg scalar fields φa to give a mani-
festly diffeomorphism invariant description [3]. Since the
dRGT theory has been proved to be free of BD ghost
for arbitrary reference metric [5], one can therefore ex-
tend this theory to a more general scenario, in which the
reference metric can be dynamical. Note that a theory
involving both dynamical metrics has been known as a
bimetric gravity (or bigravity for short) theory [7]. Simi-
lar to the massive gravity, the old bigravity [7] has faced
the same BD ghost problem for quite long time. How-
ever, after the discovery de Rham, Gabadadze, and Tol-
ley, a ghost-free nonlinear bigravity employing the mas-
sive graviton terms (or the interaction terms) of nonlinear
massive gravity has been proposed by Hassan and Rosen
in Ref. [8]. As a result, there are two gravitons interact-
ing with each other in the ghost-free bigravity theory, one
is massive carrying five degrees of freedom and another is
massless carrying two degrees of freedom. Soon after this
investigation, ghost-free multi-metric gravity (or multi-
gravity for short) theories have also been formulated in
∗ tuanqdo@vnu.edu.vn; tuanqdo.py97g@nctu.edu.tw
Refs. [9, 10]. Of course, the number of gravitons in multi-
gravity must be larger than two. However, the number
of massive gravitons is always larger than the number
of massless gravitons in multi-gravity, which should be
equal to one.
It turns out that the massive bigravity has received a
lot of discussions recently. For a up-to-date review on the
progress of the bigravity, see Ref. [11]. In particular, the
bigravity has been discussed extensively in Refs. [12–25].
More precisely, some cosmological issues of the ghost-free
bigravity such as the cosmological evolution and the dark
matter problem have been examined in Refs. [12, 14, 15];
while some black holes, wormholes, and some anisotropic
Bianchi types have been investigated in the context of
bigravity in Refs. [16–18], Ref. [19], and Ref. [20], re-
spectively. For recent reviews on the black holes solu-
tions of massive (bi)gravity, see Ref. [18]. Furthermore,
some extensions of the massive bigravity have been pro-
posed, e.g., the f(R) bigravity in Ref. [21], the scalar-
tensor bigravity in Ref. [22], and the massive bigravity
with non-minimal coupling of matter in Ref. [23]. Along
this line, another natural way to generalize the bigravity
is constructing higher dimensional scenarios of massive
bigravity as done in papers listed in Refs. [24, 25]. How-
ever, these paper have not discussed particularly the well-
known Friedmann-Lemaitre-Robertson-Walker, Bianchi
type I, and Schwarzschild-Tangherlini metrics with addi-
tional higher dimensional massive graviton terms, which
must vanish in all four-dimensional spacetimes but do
exist in any higher dimensional spacetime. As far as
we know, many previous papers have focused only, even
when they discuss higher dimensional solutions of mas-
sive (bi)gravity, on the first three graviton terms Ui’s (or
Li’s/2) (i = 2 − 4), which have been shown to be non-
vanishing in any four-dimensional spacetime [26]. There-
fore, it is physically important to study higher-than-four
dimensional massive (bi)gravity involving not only the
first three graviton terms, U2, U3, and U4, but also Ui>4’s
terms since this inclusion might affect on the previous
results [26] due to the existence of additional graviton
2terms Ui>4, which would not vanish in higher dimen-
sional spacetimes.
It is noted that we have been able to construct explicit
ghost-free higher dimensional graviton terms such as L5,
L6, and L7 in five-, six-, and seven-dimensional space-
times, respectively, in recent works on the higher dimen-
sional nonlinear massive gravity [11, 24, 25, 27]. It is ap-
parent that our construction is based on the well-known
Cayley-Hamilton (CH) theorem in linear algebra for the
determinant of square matrix [28]. For detailed discus-
sions on how to construct all graviton terms based on the
CH theorem, see for example Refs. [11, 27]. Note that
this method can be used to build up any higher dimen-
sional graviton term for both dRGT gravity and massive
bigravity theories. Additionally, we have also shown in
Ref. [27] that some results obtained in a four-dimensional
nonlinear massive gravity [29] will be recovered in a five-
dimensional scenario by fine-tuning α5, the coefficient of
additional graviton term L5 in the action, such that a
specific relation between α5 and the other coefficients α3
and α4 is satisfied.
As a companion paper to Ref. [27] and Refs. [24, 25],
the present paper is devoted to study a five-dimensional
scenario of massive bigravity with an additional gravi-
ton term, U5 = L5/2, which disappears in all four-
dimensional spacetimes but survives in any higher-than-
four dimensional one. In particular, we will examine
whether the graviton terms Ui’s (i = 2−5) act as effective
cosmological constants in a number of spacetimes such
as the Friedmann-Lemaitre-Robertson-Walker (FLRW),
Bianchi type I, and Schwarzschild-Tangherlini for both
physical and reference metrics, which will be assumed to
be compatible with each other. It is noted that the ref-
erence metric fµν in the bigravity is dynamical, similar
to the physical metric gµν , rather than non-dynamical.
Hence, the field equations of fµν in the massive bigravity
will be differential rather than algebraic as in the dRGT
gravity. Hence, the graviton terms could not easily turn
out to be effective constants. However, the Bianchi iden-
tity will be applied to the reference metric since its role
in the action is now similar to that of the physical metric.
As a result, the Bianchi constraints of fµν along with that
of gµν will lead to some solutions, under which the gravi-
ton terms could act as effective cosmological constants in
both physical and reference sectors (from now on we will
call them the g- and f -sectors for short). Consequently,
the field equations in both of these sectors could become
simple to be solvable analytically (or numerically). In-
deed, we will figure out some simple solutions of the five-
dimensional massive bigravity with effective cosmological
constants coming from the graviton terms Ui’s (i = 2−5)
for all above mentioned metrics. We will also discuss
whether the five-dimensional bigravity recovers results of
the four-dimensional bigravity.
This paper will be organized as follows. A brief intro-
duction of this research has been given in section I. Some
basic details of four-dimensional massive bigravity will
be presented in section II. A five-dimensional massive bi-
gravity model will be shown in section III. The FLRW,
Bianchi type I, and Schwarzschild-Tangherlini metrics
will be studied in the framework of the five-dimensional
bigravity in section IV, section V, and section VI, respec-
tively. In section VII, we will examine whether effective
cosmological constants derived from the graviton terms
of four-dimensional massive bigravity will be recovered
in the context of five-dimensional massive bigravity. Fi-
nally, concluding remarks and discussions will be given
in section VIII.
II. FOUR-DIMENSIONAL MASSIVE
BIGRAVITY
In this section, we will brieftly review the four-
dimensional massive bigravity [8], which is based on the
four-dimensional nonlinear massive gravity [1, 6]. In par-
ticular, an action of the four-dimensional massive bigrav-
ity is given by [8]
S4d =M
2
g
∫
d4x
√
gR(g) +M2f
∫
d4x
√
fR(f)
+2m2M2eff
∫
d4x
√
g
(
U2 + α3U3 + α4U4
)
,
(2.1)
where g ≡ − det gµν , f ≡ − det fµν , and Ui’s (i = 2 − 4)
are massive graviton terms (or interaction terms) defined
in terms of Kµν ≡ δµν −
√
gµσfσν as follows
U2 = 1
2
{
[K]2 − [K2]
}
, (2.2)
U3 = 1
6
{
[K]3 − 3[K][K2] + 2[K3]
}
, (2.3)
U4 = 1
24
{
[K]4 − 6[K]2[K2] + 3[K2]2 + 8[K][K3]− 6[K4]
}
.
(2.4)
It is noted that the other parameters, α0 associated with
U0 = 1 and α1 associated with U1 = [K], have been cho-
sen to be zero since we would like to have flat space so-
lutions for the corresponding field equations in the weak
field limit, gµν ≈ fµν ≈ ηµν . On the other hand, α2 as-
sociated with U2 has also been set to be one in order to
recover the Fierz-Pauli term [8]. Hence, we end up with
two free parameters α3 and α4. It is also noted that one
can work in an equivalent framework constructed by Has-
san and Rosen [8], where the graviton terms Un’s will no
longer be functions of Kµν but of Xµν ≡
√
gµσfσν , while
the parameters αi’s will be replaced by βi’s. Further-
more, the highest order of graviton terms in the Hassan-
Rosen framework is third order rather than fourth or-
der as in the dRGT framework. Hence, working in the
Hassan-Rosen framework might be more convenient than
the dRGT framework. For more details, especially the re-
lation between the coefficients αi’s and βi’s, see [8]. In
this paper, however, we prefer using the original defini-
tions of the dRGT massive gravity [1] in order to compare
3obtained results in this paper with that investigated in
the previous paper on the dRGT theory [27].
It is noted in the above action that the square brack-
ets stand for the trace of matrix, i.e., [K] = trK, [Kn] =
trKn, and [K]n = (trK)n. Note that Stu¨ckelberg scalar
fields will no longer be introduced in the context of bi-
gravity. In addition, m is the graviton mass, while R(g)
and R(f) stand for the scalar curvatures of a physical
metric gµν and a reference metric fµν , respectively. In
the rest of paper, we will still use the name ”reference
metric” for the fµν in order to distinguish it from the
”physical metric” gµν . Of course, one can rename fµν
as the ”second metric” since fµν plays a similar role as
gµν does in the context of massive bigravity. In addition,
Meff is an effective Planck mass defined in terms of two
other Planck masses, Mg for the physical metric gµν and
Mf for the reference metric fµν , as follows [8]
M2eff =
(
1
M2g
+
1
M2f
)
−1
. (2.5)
It is noted that the reference metric fµν in the bimet-
ric gravity has been regarded as a full dynamical metric
as the physical one [8], while the reference metric in the
nonlinear massive gravity theory has been chosen to be
non-dynamical [1]. This is a main difference between
these two theories. As a result, choosing fµν as a full
dynamical metric will yield a theory invariant under gen-
eral coordinate transformations without introducing the
Stu¨ckelberg scalar fields [8]. Additionally, the indexes
of tensors in the f -sector of bigravity will be raised or
lowered by the reference metric instead of the physical
metric since the reference metric is chosen to play the
same role as the physical metric [8].
As a result, the Einstein field equations for the g-sector
associated with the physical metric gµν can be derived to
be [8]
M2g
(
Rµν(g)− 1
2
gµνR(g)
)
+m2M2effHµν(g) = Tµν(g),
(2.6)
where
Hµν(g) = Xµν(g) + α4Yµν(g), (2.7)
Xµν(g) = Kµν − [K]gµν
−(α3 + 1)
{
K2µν − [K]Kµν + U2gµν
}
+(α3 + α4)
{
K3µν − [K]K2µν + U2Kµν
}
− (α3 + α4)U3gµν , (2.8)
Yµν(g) = −U4gµν + Y˜µν(g), (2.9)
Y˜µν(g) = U3Kµν − U2K2µν + [K]K3µν −K4µν . (2.10)
Is is straightforward to show that the tensor Yµν(g) al-
ways vanishes [8, 29]. On the other hand, the field equa-
tions for the f -sector associated with the reference metric
fµν turn out to be [8]
√
fM2f
(
Rµν(f)− 1
2
fµνR(f)
)
+
√
gm2M2effsµν(f) = 0,
(2.11)
where
sµν(f) = −Kσµfσν + {[K] + α3U2 + α4U3} fµν
+(α3 + 1)
{
KρµKσρ − [K]Kσµ
}
fσν
−(α3 + α4)
{
KρµKδρKσδ − [K]KρµKσρ + U2Kσµ
}
fσν
−α4
{
U3Kσµ − U2KρµKσρ + [K]KρµKδρKσδ
−KρµKδρKγδKσγ
}
fσν . (2.12)
If we introduce new variables:
Kˆµν = Kσµfσν ; Kˆ2µν = KρµKσρfσν ; Kˆ3µν = KρµKδρKσδ fσν ;
Kˆ4µν = KρµKδρKγδKσγfσν , (2.13)
then the definition of sµν shown in Eq. (2.12) will be
rewritten as [8]
sµν(f) = −Kˆµν + {[K] + α3U2 + α4U3} fµν
+(α3 + 1)
{
Kˆ2µν − [K]Kˆµν
}
−(α3 + α4)
{
Kˆ3µν − [K]Kˆ2µν + U2Kˆµν
}
−α4
{
U3Kˆµν − U2Kˆ2µν + [K]Kˆ3µν − Kˆ4µν
}
.
(2.14)
It is straightforward to see that if fµν = gµν then we will
obtain the following result:
sµν(f → g) = −
{
Xµν(g) + α4Y˜µν(g) + (U2 + α3U3) gµν
}
≡ tµν , (2.15)
because Kˆnµν(f → g) = Knµν(g) with n = 1− 4.
We would like to note that the scalar curvature of met-
ric fµν no longer shows up in the context of nonlinear
massive gravity. Therefore, we only have a simple equa-
tion for fµν in the dRGT theory:
sdRGTµν = 0, (2.16)
provided that the unitary gauge of the Stu¨ckelberg scalar
fields is chosen [13, 29]. As a result, in the dRGT theory
the constraint equation, sdRGTµν = 0, leads to t
dRGT
µν = 0,
which will reduce the Einstein field equations to [13, 29]
M2g
(
Rµν(g)− 1
2
gµνR(g)
)
−m2L0, dRGTM gµν = 0.
(2.17)
And the Bianchi identity indicates that the total massive
graviton term acts as an effective cosmological constant
because
∂νL0, dRGTM = 0. (2.18)
4This is a general feature of the massive gravity. Once the
forms of the physical and reference metrics are given, one
can derive the following value of the effective cosmological
constant in terms of the massive graviton terms as Λ0M =
−m2L0, dRGTM as shown in Refs. [13, 29].
However, in the bimetric gravity this result might not
be valid for a large class of metrics due to the existence of
the scalar curvature of metric fµν . Note again that the
reference metric in the bimetric gravity has been pro-
moted as a dynamical one, in contrast to the dRGT the-
ory. As a result, the appearance of the scalar curvature
R(f) will lead to the differential equations (2.11) instead
of the algebraic equations (2.16) for the reference met-
ric fµν . Hence, the constant-like behavior of the massive
graviton terms in the context of the bimetric gravity the-
ory could address more constraints.
III. FIVE-DIMENSIONAL MASSIVE
BIGRAVITY
Following the seminal paper of Hassan and Rosen on
the four-dimensional massive bigravity [8], one can pro-
pose a consistent higher dimensional (n > 4) massive
bigravity as follows 1
Snd =M
2
g
∫
dnx
√
gR(g) +M2f
∫
dnx
√
fR(f)
+2m2M2eff
∫
dnx
√
g
(
U2 + α3U3 + α4U4
+α5U5 + α6U6 + α7U7 + ...+ αnUn
)
,
(3.1)
1 After uploading the first version(s) of this paper to the arXiv
website, the author has received a few comments claiming
that the higher dimensional massive graviton terms of massive
(bi)gravity have already been investigated in the published pa-
pers, e.g., Refs. [24, 25]. Therefore, it is necessary to summa-
rize briefly here what the author has done in Ref. [27] as well
as in this paper in order to avoid some misunderstanding. In
particular, the author has explicitly shown in Ref. [27] that the
massive graviton terms can be reconstructed from the character-
istic equation of square matrix, which is a consequence of the
Cayley-Hamilton theorem. As a result, this method turns out
to be very effective in building up arbitrary dimensional gravi-
ton terms Ln. This result indicates that there is indeed a close
relation between the ghost-free property of the massive graviton
terms and the Cayley-Hamilton theorem. After constructing the
higher dimensional Ln’s (n = 5, 6, 7), the author has compared
them with that already derived in the published papers by other
people (see Secs. I and III of Ref. [27] for more details). This
clearly implies that the author has not been not among the first
people [24, 25] investigating higher dimensional massive gravi-
ton terms. However, Ref. [27] and the present paper seem to be
ones of the first papers studying explicitly nontrivial cosmologi-
cal and black hole metrics such as the FLRW, Bianchi type I, and
Schwarzschild-Tangherlini metrics for a specific five-dimensional
massive (bi)gravity involving an additional graviton term L5 (or
U5).
where the first three higher dimensional graviton terms
(n = 5, 6, 7) are given by [24, 25, 27]
U5 = 1
120
{
[K]5 − 10[K]3[K2] + 20[K]2[K3]− 20[K2][K3]
+15[K][K2]2 − 30[K][K4] + 24[K5]
}
, (3.2)
U6 = 1
720
{
[K]6 − 15[K]4[K2] + 40[K]3[K3]− 90[K]2[K4]
+45[K]2[K2]2 − 15[K2]3 + 40[K3]2 − 120[K3][K2][K]
+90[K4][K2] + 144[K5][K]− 120[K6]
}
, (3.3)
U7 = 1
5040
{
[K]7 − 21[K]5[K2] + 70[K]4[K3]− 210[K]3[K4]
+105[K]3[K2]2 − 420[K]2[K2][K3] + 504[K]2[K5]
−105[K2]3[K] + 210[K2]2[K3]− 504[K2][K5]
+280[K3]2[K]− 420[K3][K4] + 630[K4][K2][K]
−840[K6][K] + 720[K7]
}
. (3.4)
For the method based on the Cayley-Hamilton theo-
rem to construct higher dimensional interaction terms
Un’s (n > 4), see Ref. [27] (see also the Appendix A in
Ref. [11]). Note that all graviton terms Um with m > n
must vanish automatically in a given n-dimensional mas-
sive bigravity due to the requirement of absence of ghost
[1, 5, 24, 25, 27]. In this paper, we will limit ourselves to
the five-dimensional (n = 5) massive bigravity described
by the following action:
S5d =M
2
g
∫
d5x
√
gR(g) +M2f
∫
d5x
√
fR(f)
+2m2M2eff
∫
d5x
√
g
(
U2 + α3U3 + α4U4 + α5U5
)
.
(3.5)
As a result, the corresponding five-dimensional Einstein
field equations turn out to be [24, 25, 27]
M2g
(
Rµν − 1
2
Rgµν
)
+m2M2effH(5)µν (g) = 0, (3.6)
where
H(5)µν (g) = X(5)µν + σY (5)µν + α5Wµν , (3.7)
X(5)µν = − (αU2 + βU3) gµν + X˜(5)µν , (3.8)
X˜(5)µν = Kµν − [K]gµν − α
{
K2µν − [K]Kµν
}
+β
{
K3µν − [K]K2µν + U2Kµν
}
, (3.9)
Y (5)µν = −U4gµν + Y˜ (5)µν , (3.10)
Y˜ (5)µν = U3Kµν − U2K2µν + [K]K3µν −K4µν , (3.11)
5Wµν = −U5gµν + W˜µν , (3.12)
W˜µν = U4Kµν − U3K2µν + U2K3µν − [K]K4µν +K5µν ,
(3.13)
with α = α3 + 1, β = α3 + α4, and σ = α4 + α5 are
additional parameters defined for convenience.
It is noted that in the four-dimensional spacetime,
where Wµν no longer exists, the tensor Yµν has been
shown to be zero as a consequence of the Cayley-
Hamilton theorem. And in five-dimensional spacetime,
we also have the same result for the tensor Wµν , i.e.,
Wµν = 0 in general as a consequence of the Cayley-
Hamilton theorem. Note again that Yµν 6= 0 in the higher
dimensional (n > 4) spacetime. Of course, Wµν 6= 0 in
higher-than-five dimensional spacetimes.
For the reference metric, fµν , its Einstein field equa-
tions can be defined to be [24, 25]
√
fM2f
(
Rµν(f)− 1
2
fµνR(f)
)
+
√
gm2M2effs
(5)
µν (f) = 0,
(3.14)
where the tensor s
(5)
µν (f) is given by
s(5)µν (f) ≡ −Kˆµν +
{
[K] + α3U2 + α4U3 + α5U4
}
fµν
+α
{
Kˆ2µν − [K]Kˆµν
}
−β
{
Kˆ3µν − [K]Kˆ2µν + U2Kˆµν
}
−σ
{
U3Kˆµν − U2Kˆ2µν + [K]Kˆ3µν − Kˆ4µν
}
−α5
{
U4Kˆµν − U3Kˆ2µν + U2Kˆ3µν − [K]Kˆ4µν
+Kˆ5µν
}
. (3.15)
Here Kˆ5µν = KρµKδρKγδKσγKασfαν and Kˆnµν ’s (n = 1 − 4)
have been defined in Eq. (2.13).
Along with the physical and reference metric equations
defined above, there are two Bianchi identities for the
physical and reference metrics:
DµgGµν(g) = 0, (3.16)
DµfGµν(f) = 0, (3.17)
respectively, which lead to the following constraint equa-
tions:
DµgH(5)µν (g) = 0, (3.18)
Dµf
[√
g√
f
s(5)µν (f)
]
= 0. (3.19)
Here, notations Dµg and D
µ
f stand for the covariant
derivatives in the g- and f -sectors, respectively.
By following the same technique shown above, one can
extend the bigravity to higher-than-five-dimensional sce-
narios. For example, one can propose to work with six-
and seven-dimensional bigravity models corresponding to
six and seven-dimensional graviton terms, which have
been constructed in the context of higher non-linear mas-
sive gravity [24, 25, 27]. Note also that we have shown in
the recent work [27] that the five-dimensional dRGT the-
ory admits the constant-like property of massive graviton
terms for a number of physical and compatible reference
metrics as the FLRW, Bianchi type I, and Schwarzschild-
Tangherlini (anti-) de Sitter [(A)dS] black holes metrics.
This result is basically based on the non-dynamical fea-
ture of the reference metric fab. When the reference
metric becomes dynamical in the framework of bigravity,
however, we might need additional constraints in order
to make the massive graviton terms constant. Hence, the
Einstein field equations of higher dimensional bigravity
will be more complicated to solve if such constraints are
not introduced. In the next sections, we will try to seek
the above mentioned metrics for the five-dimensional bi-
gravity under an assumption that the physical metrics
are compatible with the physical ones. It appears that
the compatibility assumption can be reduced to a special
case, which leads to constant-like behavior of UM , such
that the reference metrics are proportional to the physi-
cal ones, i.e., fµν = C2gµν with a constant C, similar to
the earlier works, e.g., [8, 10, 11, 24, 25].
IV. FIVE-DIMENSIONAL FLRW METRICS
A. Field equations
In five-dimensional spacetimes, we will consider the
FLRW physical and reference metrics given by
ds25d(gµν) = −N21 (t)dt2 + a21(t)
(
d~x2 + du2
)
, (4.1)
ds25d(fµν) = −N22 (t)dt2 + a22(t)
(
d~x2 + du2
)
, (4.2)
where ai’s (i = 1 − 2) are the scale factors and u is
the fifth dimension [31]. In addition, N1 and N2 are
the lapse functions, which are introduced to result the
Friedmann equations from their Euler-Lagrange equa-
tions [1, 8]. Furthermore, N1 can be set to be one after
obtaining the following Friedmann equation. However,
we should not do the same thing for N2, i.e., N2 should
be regarded as a free field variable. For convenience, we
will define additional variables [27], which will be used
for further calculations, as follows
[K]n = (γ + 4Σ)n , [Kn] = γn + 4Σn,
Kˆn00 = γnf00, Kˆnii = Σnfii,
√
f√
g
= (1− γ)(1− Σ)4,
γ(t) = 1− N2(t)
N1(t)
, Σ(t) = 1− a2(t)
a1(t)
. (4.3)
Thanks to these definitions, the massive graviton terms
Ui’s can be reduced to
U2 = 2Σ (2γ + 3Σ) , (4.4)
U3 = 2Σ2 (3γ + 2Σ) , (4.5)
U4 = Σ3 (4γ +Σ) , (4.6)
U5 = γΣ4, (4.7)
6which will be used to evaluate the total graviton term
UM to be
UM ≡ U2 + α3U3 + α4U4 + α5U5
= Σ
[
(α5γ + α4)Σ
3 + 4 (α4γ + α3)Σ
2
+6 (α3γ + 1)Σ + 4γ] . (4.8)
Hence, the non-vanishing components of the tensor H(5)µν
defined in Eq. (3.7) are given by
H(5)00 = −Σ
(
σΣ3 + 4βΣ2 + 6αΣ+ 4
)
g00, (4.9)
H(5)ii = −
[
γ
(
σΣ3 + 3βΣ2 + 3αΣ+ 1
)
+Σ
(
βΣ2 + 3αΣ+ 3
)]
gii. (4.10)
Additionally, the non-vanishing components of the tensor
s
(5)
µν shown in Eq. (3.15) turn out to be
s
(5)
00 = (1− γ)Σ
(
α5Σ
3 + 4α4Σ
2 + 6α3Σ + 4
)
f00,
(4.11)
s
(5)
ii = (1− Σ)
[
(α5γ + α4)Σ
3 + 3 (α4γ + α3) Σ
2
+3 (α3γ + 1)Σ + γ] fii. (4.12)
Armed with these results, the Einstein field equations
(3.6) now become as
6M˜2gH
2
1 +Σ
(
σΣ3 + 4βΣ2 + 6αΣ+ 4
)
= 0, (4.13)
3M˜2g
(
H˙1 + 2H
2
1
)
+ γ
(
σΣ3 + 3βΣ2 + 3αΣ+ 1
)
+Σ
(
βΣ2 + 3αΣ + 3
)
= 0, (4.14)
where H1 = a˙1/a1 is the Hubble constant for the phys-
ical metric gµν . In addition, we have set an additional
variable as M˜2g ≡ M2g /(m2M2eff) and N1 = 1 has been
chosen for convenience. On the other hand, the reference
metric equations (3.14) turn out to be
6M˜2f (1− Σ)4H22
− Σ (1− γ)2 (α5Σ3 + 4α4Σ2 + 6α3Σ + 4) = 0, (4.15)
3M˜2f (1− Σ)3
(
H˙2 + 2H
2
2 +
γ˙
1− γH2
)
− (1− γ) [(α5γ + α4)Σ3 + 3 (α4γ + α3)Σ2
+3 (α3γ + 1)Σ + γ] = 0, (4.16)
where H2 = a˙2/a2 the Hubble constant for the reference
metric fµν , M˜
2
f ≡M2f /(m2M2eff), and γ = 1−N2 due to
the setting N1 = 1.
Along with these field equations, the constraint equa-
tions (3.18) and (3.19) turn out to be
g00∂0H(5)00 − 4g11
[
Γ011(g)H(5)00 + Γ110(g)H(5)11
]
= 0 (4.17)
and
f00
{
∂0
[√
g√
f
s
(5)
00
]
− 2
√
g√
f
Γ000(f)s
(5)
00
}
− 4
√
g√
f
f11
[
Γ011(f)s
(5)
00 + Γ
1
10(f)s
(5)
11
]
= 0, (4.18)
respectively. Furthermore, these equations can be re-
duced to
∂0
[
Σ
(
σΣ3 + 4βΣ2 + 6αΣ+ 4
)]
= −4H1 (Σ− γ)
(
σΣ3 + 3βΣ2 + 3αΣ + 1
)
(4.19)
and(
4H1 − 4H2 + 3γ˙
1− γ + ∂0
)
× (1− γ)Σ (α5Σ3 + 4α4Σ2 + 6α3Σ+ 4)
= −4H2 (Σ− γ)
(
σΣ3 + 3βΣ2 + 3αΣ+ 1
)
, (4.20)
respectively.
It appears that the set of constraint equations (4.19)
and (4.20) is quite complicated to solve analytically gen-
erally. However, simple solutions can be figured out from
this set equations if two right-hand sides of Eqs. (4.19)
and (4.20) vanish altogether. As a result, this assumption
can be achieved with one of two possible cases:
(i) γ = Σ, (4.21)
(ii) σΣ3 + 3βΣ2 + 3αΣ+ 1 = 0, (4.22)
given that Hi 6= 0 (i = 1 − 2). Consequently, this as-
sumption also implies that
Σ
(
σΣ3 + 4βΣ2 + 6αΣ+ 4
)
= constant. (4.23)
This constancy property indicates that Σ should also be
constant consistently since α, β, and σ all are constant
coefficients. In addition, the constancy of Σ, i.e., Σ˙ = 0,
indicates that
H1 = H2. (4.24)
On the other hand, Eq. (4.20) leads to
γ˙ = 0. (4.25)
Therefore, this result also implies that γ acts as a con-
stant, similar to Σ. More interestingly, the total massive
graviton term will also act as an effective cosmological
constant ΛM due to the constancy feature of γ and Σ:
ΛM = −m2M2effUM , (4.26)
where the definition of the total massive graviton term
UM has been defined in Eq. (4.8). It is apparent that
once the values of γ and Σ are solved, the corresponding
value of ΛM will be determined in terms of that of UM
as shown in Eq. (4.26). In the following subsections,
therefore, we will consider separately two possible cases
shown in Eqs. (4.21) and (4.22) in order to solve the
equations of physical and reference metrics as defined in
Eqs. (4.13), (4.14), (4.15), and (4.16). Additionally, we
will show how to compute the value of γ along with that
of Σ by deriving their corresponding equations.
7B. Analytical solutions
1. Case 1: γ = Σ
As shown above, the variables Σ and γ should be con-
stant altogether. Hence, we will assume that
γ = Σ = Cˆ = constant. (4.27)
It appears that this assumption is equivalent to the
choice, which has been taken in many earlier works in
the context of bigravity theory [10, 11, 24, 25], that the
reference metric is proportional to the physical metric:
fµν = (1 − Cˆ)2gµν . (4.28)
Our goal is to define the value of the constant Cˆ, which
has been assumed to be identical to that of γ and Σ, by
considering the reference and physical field equations. As
a result, Eqs. (4.13) and (4.14) imply that
H˙1 = 0, (4.29)
6H21 = Λˆ
g
0, (4.30)
where Λˆg0 is an effective cosmological constant for the g-
sector associated with the physical metric gµν defined as
follows
1
M˜2g
H(5)µν = Λˆg0gµν , (4.31)
Λˆg0 = −
Cˆ
M˜2g
(
σCˆ3 + 4βCˆ2 + 6αCˆ + 4
)
. (4.32)
On the other hand, Eqs. (4.15) and (4.16) lead to
H˙2 = 0, (4.33)
6H22 = (1− Cˆ)2Λˆf0 , (4.34)
where Λˆf0 is an effective cosmological constant for the
f -sector associated with the reference metric fµν given
by
√
g√
fM˜2f
s(5)µν = Λˆ
f
0fµν , (4.35)
Λˆf0 =
Cˆ
M˜2f (1− Cˆ)4
(
α5Cˆ
3 + 4α4Cˆ
2 + 6α3Cˆ + 4
)
.
(4.36)
It is noted that we have derived the relation, H1 = H2,
from the constancy property of Σ. Hence, we obtain the
following relation from Eqs. (4.30) and (4.34) such as
Λˆg0 = (1−Cˆ)2Λˆf0 , which can be expanded to give a degree
5 polynomial equation of Cˆ:
σCˆ5 − 2 (σ − 2β) Cˆ4 +
(
σ − 8β + 6α+ α5M˜2
)
Cˆ3
+4
(
β − 3α+ α4M˜2 + 1
)
Cˆ2
+2
(
3α+ 3α3M˜
2 − 4
)
Cˆ + 4
(
M˜2 + 1
)
= 0, (4.37)
with M˜2 ≡ M˜2g /M˜2f as a dimensionless parameter.
Mathematically, this polynomial equation admits five
real or complex solutions of Cˆ. Physically, however, Cˆ
should be real definite for expanding physical and ref-
erence metrics. Solving Eq. (4.37) will yield the corre-
sponding real values of Cˆ. In the dRGT limit, where
s
(5)
µν = 0 due to the non-dynamical property of the refer-
ence metric fµν , the corresponding equation of Cˆ turns
out to be
α5Cˆ
3 + 4α4Cˆ
2 + 6α3Cˆ + 4 = 0, (4.38)
which is identical to that investigated for the FLRWmet-
rics in [27].
As a result, integrating out both Eqs. (4.29) and (4.33)
implies that
a1(t) = exp


√
Λˆg0
6
t

 ; a2(t) = (1− Cˆ) exp


√
Λˆg0
6
t

 .
(4.39)
It is apparent that these solutions will be exactly the de-
Sitter expanding solution if Λˆg0 > 0. In this case, the
effective cosmological constant ΛM , which is associated
with the total massive graviton term UM in Eq. (4.8) as
shown in Eq. (4.26), can be evaluated to be
ΛM = −m2M2effCˆ
[(
σCˆ3 + 4βCˆ2 + 6αCˆ + 4
)
+
(
Cˆ − 1
)(
α5Cˆ
3 + 4α4Cˆ
2 + 6α3Cˆ + 4
)]
= Λˆg0
[
M2g +M
2
f (1− Cˆ)3
]
. (4.40)
The expression of ΛM shown in Eq. (4.40) indicates
that it is combined from two effective cosmological con-
stants Λˆg0 and Λˆ
f
0 defined in the g- and f - sectors, respec-
tively. In particular, if M2g > M
2
f (Cˆ − 1)3 then ΛM > 0
and vice versa, provided that Λˆg0 > 0. Hence, it turns
out that Λˆg0 6= ΛM/M2g in the context of the massive bi-
gravity theory. This is a different point of the massive
bigravity compared with the massive gravity. It has been
shown in the dRGT theory that Λˆg0 should be identical
to ΛM/M
2
g if the physical metric is taken to be compat-
ible with the reference metric [27, 29]. In the bigravity
theory, however, there exists the Ricci scalar R(f) due to
the assumption of dynamical reference metric fµν , which
leads to the differential field equations of reference scale
factors α2, σ2, and β2. Hence, in the expression of ΛM as
shown in Eq. (4.40), there are terms associated with fµν ,
which can be set equal to zero if fµν is non-dynamical,
or equivalently R(f) = 0. Indeed, in the case of absence
of R(f), the field equations for the reference metric fµν
will be s
(5)
µν (f) = 0 rather than Eq. (3.14). The case of
non-dynamical reference fµν is nothing but the massive
gravity theory, which has been investigated in Ref. [27]
for a number of metrics including the five-dimensional
FLRW one.
8Now, we would like to see whether both effective cos-
mological constants, Λˆf0 and Λˆ
g
0, and of course ΛM , van-
ish. It turns out that if αi’s (i = 3 − 5) satisfy both the
following equations:
σCˆ3 + 4βCˆ2 + 6αCˆ + 4 = 0, (4.41)
α5Cˆ
3 + 4α4Cˆ
2 + 6α3Cˆ + 4 = 0, (4.42)
then Λˆf0 = Λˆ
g
0 = 0 as expected. As a result, these two
constraint equations can be rewritten as follows
α4Cˆ
2 + 3α3Cˆ + 3 = 0, (4.43)
α5Cˆ
3 + 3α4Cˆ
2 + 3α3Cˆ + 1 = 0. (4.44)
As a result, solving the first equation (4.43) gives us non-
trivial solutions of Cˆ:
Cˆ =
−3α3 ±
√
3 (3α23 − 4α4)
2α4
, (4.45)
requiring that α23 > (4/3)α4. Hence, the correspond-
ing value of α5 can be defined from the second equation
(4.44) to be
α5 = − 3α4Cˆ
2 + 3α3Cˆ + 1
Cˆ3
=
8α24
[(
9α23 − 8α4
)∓ 3α3√9α23 − 12α4](
3α3 ∓
√
9α23 − 12α4
)3 . (4.46)
In short, once the real value of Cˆ, or equivalently that
of Σ and γ, is solved from the following polynomial equa-
tion (4.37), the value of Λˆg0 will be evaluated according
to Eq. (4.32). Consequently, the scale factors a1 and
a2 of the FLRW physical and reference metrics will be
determined as shown in Eq. (4.39).
2. Case 2: σΣ3 + 3βΣ2 + 3αΣ + 1 = 0
As a result, the physical metric equations (4.13) and
(4.14) both imply, under this case, that
H˙1 = 0, (4.47)
6M˜2gH
2
1 = −Σ
(
βΣ2 + 3αΣ+ 3
)
. (4.48)
On the other hand, the reference metric equations (4.15)
and (4.16) can be solved to admit a trivial solution:
H˙2 = 0, (4.49)
6M˜2fH
2
2 =
Σ(1− γ)2
(1− Σ)4
(
α5Σ
3 + 4α4Σ
2 + 6α3Σ + 4
)
.
(4.50)
As a result, we can derive the following equation for γ
in terms of Σ by using the fact that H21 = H
2
2 . For
convenience, we rewrite H(5)00 in this case as follows
H(5)00 = Λ(5)g g00, (4.51)
Λ(5)g = −Σ
(
βΣ2 + 3αΣ + 3
)
, (4.52)
where Λ
(5)
g acts as an effective cosmological constant. On
the other hand, we obtain the following result in the four-
dimensional bigravity that
H00 = Λ(4)g g00, (4.53)
Λ(4)g = −Σ
(
βΣ2 + 3αΣ+ 3
)
, (4.54)
with an effective cosmological constant, Λ
(4)
g . It turns out
that if the equation, σΣ3+3βΣ2+3αΣ+1 = 0, holds then
the five-dimensional effective cosmological constant Λ
(5)
g
will recover the four-dimensional one Λ
(4)
g . Moreover, we
will show later that this result is also valid for the case of
proportional metrics. Note that the case of proportional
metrics has been studied in a number of previous papers,
e.g., see [8, 10, 11, 18, 24, 25]. Hence, in the rest of paper,
we will focus on the cases, where the reference metrics are
taken to be proportional to the physical ones.
V. FIVE-DIMENSIONAL BIANCHI TYPE I
METRICS
A. Field equations
Now, we would like to go beyond the isotropic space-
time scenario, i.e., considering anisotropic spacetimes to
see whether the five-dimensional bigravity model admits
them as its cosmological solutions. In a five-dimensional
spacetime scenario, the Bianchi type I physical and ref-
erence metrics are taken to be [27, 32]
ds25d(gµν) = −N21 (t)dt2 + exp [2α1(t)− 4σ1(t)] dx2
+exp [2α1(t) + 2σ1(t)]
(
dy2 + dz2
)
+exp [2β1(t)] du
2, (5.1)
ds25d(fµν) = −N22 (t)dt2 + exp [2α2(t)− 4σ2(t)] dx2
+exp [2α2(t) + 2σ2(t)]
(
dy2 + dz2
)
+exp [2β2(t)] du
2, (5.2)
where βi’s (i = 1 − 2) are additional scale factors asso-
ciated with the fifth dimension u [32]. Now, we would
like to see if the five-dimensional bigravity admits these
Bianchi type I metrics as its anisotropic cosmological so-
lutions. For convenience, we will define some useful defi-
nitions [27, 29]:
[K]n = (γ +A+ 2B + C)n ;
[Kn] = γn +An + 2Bn + Cn;
γ = 1− N2
N1
; A = 1− ǫη−2; B = 1− ǫη;
C = 1− exp [β2 − β1] ; ǫ = exp [α2 − α1] ;
η = exp [σ2 − σ1] ; Kˆn00 = γnf00; Kˆn11 = Anf11;
Kˆn22 = Kˆn33 = Bnf33; Kˆn44 = Cnf44, (5.3)
which will help us to reduce some complicated expres-
sions of field and constraint equations to simple ones. In
9particular, the massive graviton terms Ui’s can be explic-
itly expanded in terms of the above notations to be
U2 = B (2A+B) + C (A+ 2B) + γ (A+ 2B + C) ,
(5.4)
U3 = AB2 +B (2A+B) (γ + C) + γC (A+ 2B) , (5.5)
U4 = B [AB (γ + C) + γC (2A+B)] , (5.6)
U5 = γAB2C. (5.7)
In addition, the total massive graviton term UM ≡ U2 +
α3U3 + α4U4 + α5U5 turns out to be
UM = AB2C (α5γ + α4)
+B (α4γ + α3) [AB + C (2A+B)]
+ (α3γ + 1) [B (2A+B) + C (A+ 2B)]
+ γ (A+ 2B + C) . (5.8)
It is straightforward to see that in the isotropic limit,
i.e., the FLRW limit corresponding to the case A = B =
C, the above massive graviton terms all reduce to that
defined for the FLRW metric in the previous section.
Given the above results, we arrive at the non-vanishing
components of the tensor H(5)µν appearing in the physical
metric field equation as displayed in Eq. (3.7):
H(5)00 = −
{
σAB2C + βB (AB + 2AC +BC)
+α [B (2A+B) + C (A+ 2B)]
+A+ 2B + C} g00, (5.9)
H(5)11 = −
{
γ
[
σB2C + βB (B + 2C) + α (2B + C) + 1
]
+
[
βB2C + αB (B + 2C) + 2B + C
]}
g11, (5.10)
H(5)22 = −{γ [σABC + β (AB +AC +BC)
+α (A+B + C) + 1]
+ [βABC + α (AB +AC +BC)
+A+B + C]} g22, (5.11)
H(5)33 = H(5)22 , (5.12)
H(5)44 = −
{
γ
[
σAB2 + βB (2A+B) + α (A+ 2B) + 1
]
+
[
βAB2 + αB (2A+B) +A+ 2B
]}
g44. (5.13)
On the other hand, the non-vanishing components of the
tensor s
(5)
µν appearing in the reference metric field equa-
tion can be shown to be
s
(5)
00 = (1− γ)
{
α5AB
2C + α4B [AB + 2AC +BC]
+α3 [B (2A+B) + C (A+ 2B)]
+A+ 2B + C} f00, (5.14)
s
(5)
11 = (1−A)
{
γ
[
α5B
2C + α4B (B + 2C)
+α3 (2B + C) + 1] + α4B
2C
+α3B (B + 2C) + 2B + C} f11, (5.15)
s
(5)
22 = (1−B) {γ [α5ABC + α4 (AB +AC +BC)
+α3 (A+B + C) + 1] + α4ABC
+α3 (AB +AC +BC) +A+B + C} f22, (5.16)
s
(5)
33 = s
(5)
22 , (5.17)
s
(5)
44 = (1− C)
{
γ
[
α5AB
2 + α4B (2A+B)
+α3 (A+ 2B) + 1] + α4AB
2
+α3B (2A+B) +A+ 2B} f44. (5.18)
It is noted that besides the field equations for the phys-
ical and reference metrics, there exist some constraint
equations associated with the Bianchi identities, which
should hold in both g- and f -sectors. In particular, we
will have the following constraint equations for gµν and
fµν coming from the Bianchi identities shown in Eqs.
(3.18) and (3.19) as follows
g00∂0H(5)00 = g11
[
Γ011(g)H(5)00 + Γ110(g)H(5)11
]
+ 2g22
[
Γ022(g)H(5)00 + Γ220(g)H(5)22
]
+ g44
[
Γ044(g)H(5)00 + Γ440(g)H(5)44
]
(5.19)
and
f00
{
∂0
[√
g√
f
s
(5)
00
]
− 2
√
g√
f
Γ000(f)s
(5)
00
}
=
√
g√
f
f11
[
Γ011(f)s
(5)
00 + Γ
1
10(f)s
(5)
11
]
+ 2
√
g√
f
f22
[
Γ022(f)s
(5)
00 + Γ
2
20(f)s
(5)
22
]
+
√
g√
f
f44
[
Γ044(f)s
(5)
00 + Γ
4
40(f)s
(5)
44
]
, (5.20)
where we have set N1(t) = 1, i.e., γ(t) = 1 − N2(t) for
convenience. Hence Γ000(g) = 0, while Γ
0
00(f) = −γ˙/(1−
γ) 6= 0. Similar to the isotropic FLRW case, we will
focus on a simple scenario by assuming that the right-
hand sides of Eqs. (5.19) and (5.20) vanish altogether.
As a result, this assumption can be done if we set
Γ011(g)H(5)00 + Γ110(g)H(5)11 = Γ022(g)H(5)00 + Γ220(g)H(5)22
= Γ044(g)H(5)00 + Γ440(g)H(5)44
= 0 (5.21)
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along with
Γ011(f)s
(5)
00 + Γ
1
10(f)s
(5)
11 = Γ
0
22(f)s
(5)
00 + Γ
2
20(f)s
(5)
22
= Γ044(f)s
(5)
00 + Γ
4
40(f)s
(5)
44
= 0, (5.22)
which will easily be fulfilled with the following simple
solution:
γ = A = B = C. (5.23)
Furthermore, Eq. (5.19) can be reduced, under this as-
sumption, to
∂0H(5)00 = 0, (5.24)
which is equivalent to
H(5)00 = A
(
σA3 + 4βA2 + 6αA+ 4
)
= constant. (5.25)
Since α, β, and σ are all constant coefficients, A must
be constant too. Hence, γ, B, and C will also act as con-
stants since they are all equal to A as mentioned above,
resulting that the reference metric fµν will be propor-
tional to the physical metric gµν , i.e.,
fµν = (1 − C˜)2gµν , (5.26)
where C˜ is a constant, which should be real definite for
expanding universes. In particular, we can set that
γ = A = B = C = C˜. (5.27)
As a result, this solution implies that
η = 1⇒ σ1 = σ2. (5.28)
This result indicates that both physical and reference
metrics share the same anisotropic deviation. Note that
we do not have the similar result for the other scale fac-
tors, αi and σi. However, their time derivatives obey the
same thing due to the fact that γ˙ = A˙ = B˙ = C˙ = 0, i.e.,
α˙1 = α˙2, β˙1 = β˙2, α¨1 = α¨2, β¨1 = β¨2. (5.29)
Thanks to these results, we are able to write down
explicitly the Einstein equations for the physical metric
shown in Eq. (3.6) as follows
3
(
α˙21 − σ˙21 + α˙1β˙1
)
= Λ˜g0, (5.30)
2α¨1 + β¨1 + 2σ¨1 + 3α˙
2
1 + β˙
2
1 + 3σ˙
2
1
+2
(
α˙1β˙1 + 3α˙1σ˙1 + β˙1σ˙1
)
= Λ˜g0, (5.31)
2α¨1 + β¨1 − σ¨1 + 3α˙21 + β˙21 + 3σ˙21
+
(
2α˙1β˙1 − 3α˙1σ˙1 − β˙1σ˙1
)
= Λ˜g0, (5.32)
3
(
α¨1 + 2α˙
2
1 + σ˙
2
1
)
= Λ˜g0, (5.33)
where an effective cosmological constant in the g-sector,
Λ˜g0, is defined by
Λ˜g0 = −
C˜
M˜2g
(
σC˜3 + 4βC˜2 + 6αC˜ + 4
)
, (5.34)
with M˜2g = M
2
g /(m
2M2eff). Moreover, Eqs. (5.31) and
(5.32) can be further reduced to
σ¨1 + σ˙1
(
3α˙1 + β˙1
)
= 0, (5.35)
β¨1 − 2α˙21 + 2σ˙21 + β˙21 + α˙1β˙1 = 0, (5.36)
with the help of Eqs. (5.30) and (5.33).
Similarly, we have the following field equations from
the Einstein equations (3.14) for the dynamical reference
metric fµν :
3
(
α˙22 − σ˙22 + α˙2β˙2
)
= (1− C˜)2Λ˜f0 , (5.37)
2α¨2 + β¨2 + 2σ¨2 + 3α˙
2
2 + β˙
2
2 + 3σ˙
2
2
+2
(
α˙2β˙2 + 3α˙2σ˙2 + β˙2σ˙2
)
= (1− C˜)2Λ˜f0 , (5.38)
2α¨2 + β¨2 − σ¨2 + 3α˙22 + β˙22 + 3σ˙22
+
(
2α˙2β˙2 − 3α˙2σ˙2 − β˙2σ˙2
)
= (1− C˜)2Λ˜f0 , (5.39)
3
(
α¨2 + 2α˙
2
2 + σ˙
2
2
)
= (1− C˜)2Λ˜f0 , (5.40)
where the expression of an effective cosmological constant
Λ˜f0 in the f -sector is given by
Λ˜f0 =
C˜
M˜2f (1− C˜)4
(
α5C˜
3 + 4α4C˜
2 + 6α3C˜ + 4
)
,
(5.41)
with M˜2f =M
2
f /(m
2M2eff) as defined in the previous sec-
tion for convenience. Additionally, the solution γ˙ = 0
has been used in order to derive the above equations for
fµν . Moreover, we can obtain simplified equations from
Eqs. (5.38) and (5.39):
σ¨2 + σ˙2
(
3α˙2 + β˙2
)
= 0, (5.42)
β¨2 − 2α˙22 + 2σ˙22 + β˙22 + α˙2β˙2 = 0, (5.43)
with the help of the other ones, Eqs. (5.37) and (5.40).
Now, by noting the result α˙1 = α˙2, α¨1 = α¨2, σ˙1 = σ˙2,
σ¨1 = σ¨2, β˙1 = β˙2, and β¨1 = β¨2, we come to a conclusion
that
Λ˜g0 = (1− C˜)2Λ˜f0 , (5.44)
which implies an equation of C˜:
σC˜5 − 2 (σ − 2β) C˜4 +
(
σ − 8β + 6α+ α5M˜2
)
C˜3
+4
(
β − 3α+ α4M˜2 + 1
)
C˜2
+2
(
3α+ 3α3M˜
2 − 4
)
C˜ + 4
(
M˜2 + 1
)
= 0, (5.45)
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with the dimensionless parameter M˜2 ≡ M˜2g /M˜2f as de-
fined in the FLRW case. This equation turns out to be
identical to Eq. (4.37) of Cˆ for the FLRW metric. Hence,
Λ˜g0 will be equal to Λˆ
g
0 for the FLRW metric if C˜ = Cˆ.
In addition, it appears in the isotropic limit correspond-
ing the setting σi = 0 and βi = αi that all above field
equations will be identical to that found in the previous
section for the FLRW metric.
In conclusion, we have ended up with two sets of differ-
ential field equations: (i) Eqs. (5.30), (5.33), (5.35), and
(5.36) for the g-sector of metric gµν and (ii) Eqs. (5.37),
(5.40), (5.42), and (5.43) for the f -sector of metric fµν .
As a result, two sets become identical to each other due
to the solution that fµν = (1 − C˜)2gµν , where the value
of the constant C˜ has been determined by Eq. (5.45).
Therefore, we only need to solve one of these two sets of
field equations for the scale factors, which might describe
the evolution of our current universe.
B. Analytical solutions
It turns out that the field equations (5.30), (5.33),
(5.35), and (5.36) look similar to that investigated in the
five-dimensional dRGT theory with the five-dimensional
Bianchi type I metrics [27]. Hence, we will employ the
method used in Refs. [27, 29] to solve one of two sets of
differential field equations shown above for the Bianchi
type I metrics. As a result, we can obtain from Eqs.
(5.30), (5.33), and (5.36) two equations of two scale fac-
tors of physical metric:
3β¨1 + 3β˙
2
1 + 9α˙1β˙1 = 2Λ˜
g
0, (5.46)
6α¨1 − 3β¨1 + 18α˙21 − 3α˙1β˙1 − 3β˙21 = 2Λ˜g0, (5.47)
which can be used to deduce a helpful relation:
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(
α¨1 + 3α˙
2
1
)− 6(β¨1 + β˙21) = 8Λ˜g0. (5.48)
Now, we introduce additional variables such as
V1 = exp[3α1]; V2 = exp[β1], (5.49)
as used in Refs. [27, 29]. As a result, this introducing
will leads Eq. (5.48) to
V¨1
V1
− V¨2
V2
=
4Λ˜g0
3
, (5.50)
which will be reduced to
V¨1 = 9H˜
2
1V1, (5.51)
V¨2 = 9H¯
2
1V2, (5.52)
if we assume that
V¨2
V2
= V g0
V¨1
V1
, (5.53)
where V g0 is a constant, H˜
2
1 = 4Λ˜
g
0/27(1−V g0 ) and H¯21 =
V g0 H˜
2
1 with a requirement that 0 < V
g
0 < 1 due to the
positivity of H˜21 . Furthermore, solving Eqs. (5.51) and
(5.52) gives us analytic solutions for V1 and V2 [27, 29]:
V1 ≡ exp[3α1] = exp[3α01]
×
[
cosh
(
3H˜1t
)
+
α˙01
H˜1
sinh
(
3H˜1t
)]
,
(5.54)
V2 ≡ exp[β1] = exp[β01]
×
[
cosh
(
3H¯1t
)
+
β˙01
3H¯1
sinh
(
3H¯1t
)]
,
(5.55)
where α01 ≡ α1(t = 0), α˙01 ≡ α˙1(t = 0), β01 ≡ β1(t = 0),
and β˙01 ≡ β˙1(t = 0) are initial values. Thanks to these
explicit solutions, we now define the value of the last
scale factor of the physical metric σ1 by integrating out
Eq. (5.35) to be
σ˙1 = k exp[−3α1 − β1], (5.56)
where k is an integration constant. And integrating out
this equation leads to its solution:
σ1 = σ01 +
√
α˙201 + α˙01β˙01 −
Λ˜g0
3
×
∫ {[
cosh
(
3H˜1t
)
+
α˙01
H˜1
sinh
(
3H˜1t
)]
×
[
cosh
(
3H¯1t
)
+
β˙01
3H¯1
sinh
(
3H¯1t
)]}−1
dt, (5.57)
here σ01 ≡ σ1(t = 0) acts as an initial value. In addi-
tion, we have used the initial condition coming from the
Friedmann equation (5.30):
α˙201 + α˙01β˙01 −
Λ˜g0
3
= k2 exp [−6α01 − 2β01] (5.58)
in order to derive the above solution of σ1.
For the reference metric fµν , we obtain the correspond-
ing solutions for its scale factors as follows
exp[α2] = (1 − C˜) exp[α1], (5.59)
exp[β2] = (1 − C˜) exp[β1], (5.60)
σ2 = σ1, (5.61)
since it has been assumed to be proportional to the phys-
ical metric, i.e., fµν = (1− C˜)2gµν , in order to satisfy the
Bianchi identities.
In conclusion, we have derived analytical Bianchi type
I solutions for the corresponding differential field equa-
tions: (i) Eqs. (5.30), (5.33), (5.35), and (5.36) for the
g-sector and (ii) Eqs. (5.37), (5.40), (5.42), and (5.43)
for the f -sector, as promised.
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C. Stability analysis
Given the above analytical anisotropic solutions of the
physical metric, we would like to study their stability to
see whether they respect the well-known cosmic no-hair
conjecture proposed by Hawking and his colleagues long
time ago [33–35]. In particular, this conjecture postulates
that the final state of the universe must be isotropic. In
other words, if this conjecture holds then any anisotropic
cosmological solution describing either early or current
universes must be unstable and then decay to an isotropic
state at late time. However, it is worth noting that a
complete proof for this conjecture has not been done up
to now. A partial proof for Bianchi spaces by Wald can
be found in Ref. [33]. The proof of Wald has only deals
with strong and dominant energy conditions without ex-
plicit perturbation analysis. Hence, in some models, in
which the energy conditions do not hold clearly, this proof
might not gives us valid conclusions on the validity of the
no-hair conjecture. It turns out that stability analysis
based on perturbation approaches for anisotropic solu-
tions should be performed, even when the energy condi-
tions hold explicitly, in order to get correct conclusions
of the fate of the no-hair conjecture. For example, it
has been shown by perturbation analysis in Refs. [34, 35]
that the no-hair conjecture turns out to be violated in
supergravity-motivated models, where a scalar field, ei-
ther canonical or non-canonical, is coupled with a U(1)
field. As a result, these models have admitted Bianchi
type I inflationary solutions, which have been shown to
be stable against field perturbations. Besides this scalar-
vector model, the no-hair conjecture has also faced other
counter-examples in the context of the massive gravity
as investigated in [27, 29]. Note also that the cosmic
no-hair conjecture has been examined in the context of
four-dimensional bigravity in [20]. As a result, the cosmic
no-hair conjecture seems to be valid for de-Sitter space-
times in the bigravity [20].
Hence, we now would like to perturb Eqs. (5.30),
(5.35), and (5.36) by taking exponential perturbations:
δα1 = Cα1 exp[ωt], δσ1 = Cσ1 exp[ωt] and δβ1 =
Cβ1 exp[ωt]. Consequently, we will have the following
perturbation equations, which can be written as a ma-
trix equation:
D

 Cα1Cσ1
Cβ1

 ≡

 A11 A12 A13A21 A22 A23
A31 A32 A33



 Cα1Cσ1
Cβ1

 = 0, (5.62)
where
A11 =
(
2α˙1 + β˙1
)
ω; A12 = −2σ˙1ω; A13 = α˙1ω;
(5.63)
A21 = 3σ˙1ω; A22 = ω
2 +
(
3α˙1 + β˙1
)
ω; A23 = σ˙1ω;
(5.64)
A31 = −
(
4α˙1 − β˙1
)
ω; A32 = 4σ˙1ω; (5.65)
A33 = ω
2 +
(
α˙1 + 2β˙1
)
ω. (5.66)
Mathematically, Eq. (5.62) will admit non-trivial solu-
tions only when
detD = 0. (5.67)
It turns out that the determinant equation, detD = 0,
can be rewritten as an equation of ω:
A1ω
2 +B1ω + C1 = 0, (5.68)
where
A1 = 2α˙1 + β˙1, (5.69)
B1 = 3
[
α˙
(
4α˙1 + 3β˙1
)
+ β˙21 + 2σ˙
2
1
]
, (5.70)
C1 = 18α˙
2
1
(
α˙1 + β˙1
)
+ 2β˙21
(
5α˙1 + β˙1
)
+ 6σ˙21
(
3α˙1 + β˙1
)
. (5.71)
Note that we have ignored the trivial solution, ω = 0,
of this determinant equation. Now, we would like to point
out whether the quadratic equation of ω shown above ad-
mits only non-positive roots by observing that if all coef-
ficients A1, B1, and C1 act as non-negative parameters,
then Eq. (5.68) will no longer admit any non-positive
root. As a result, for expanding universes with α˙1 > 0
and α˙1 > σ˙1, β˙1 then the above requirement can easily be
satisfied, meaning that the anisotropically expanding uni-
verses in the five-dimensional massive gravity with small
spatial anisotropies are indeed stable against field per-
turbations. It is noted that we have obtained four- and
five-dimensional stable Bianchi type I solutions for the
corresponding four- and five-dimensional massive gravity
models in Refs. [27, 29]. The result in this section pro-
vides one more counter-example to the cosmic no-hair
conjecture [33–35].
VI. SCHWARZSCHILD-TANGHERLINI-(A)DS
BLACK HOLES
A. Field equations
In the previous sections, we have studied the five-
dimensional massive bigravity for both homogeneous
metrics, the isotropic FLRW metric and the anisotropic
Bianchi type I metric. As a result, we have shown that
a simple choice to make the total graviton term UM con-
stant is choosing that the reference metrics are propor-
tional to the physical metrics, i.e., fµν = (1 − C)2gµν ,
where C is a constant: C = Cˆ for the FLRW metric
and C = C˜ for the Bianchi type I metric. More interest-
ingly, the following equations of Cˆ and C˜, which will give
us the values of the corresponding constants, have been
derived to be identical to each other as shown in Eqs.
(4.37) and (5.45). Hence, one could expect that these
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equations would be a unique equation for determining
value of proportional constants between the reference and
physical metrics even when the metrics are more compli-
cated than the FLRW and Bianchi type I ones, e.g., the
Schwarzschild-Tangherlini black hole [36–38], which will
be studied in the rest of this section.
Following our recent work [27], we would like to seek
the Schwarzschild-Tangherlini black hole for the five-
dimensional massive bigravity by considering spherically
symmetric metrics for both g- and f -sectors:
g5dµνdx
µdxν = −N21 (r) dt2 +
dr2
F 21 (r)
+
r2dΩ23
H21 (r)
, (6.1)
f5dµνdx
µdxν = −N22 (r) dt2 +
dr2
F 22 (r)
+
r2dΩ23
H22 (r)
, (6.2)
with
dΩ23 = dθ
2 + sin2 θdϕ2 + sin2 θ sin2 ϕdψ2. (6.3)
Here Ni(r), Fi(r), and Hi(r) (i = 1 − 2) are arbitrary
functions of the radial coordinate r. In addition, (θ, ϕ, ψ)
with allowed ranges: 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ π, and
0 ≤ ψ ≤ 2π are the spherical coordinates. Note that
according to the discussion in Ref. [27] we have set the
non-diagonal element of metrics associated with the non-
diagonal components g0r (and f0r) to be zero due to the
following constraint:
g0rR00 − g00R0r = 0, (6.4)
for simplicity. Of course, one might seek non-diagonal so-
lutions for the five-dimensional bigravity as investigations
for the four-dimensional massive gravity in Refs. [16, 17].
For convenience, let us recall some useful definitions
defined in Ref. [27]. In particular, the non-vanishing com-
ponents of Kµν turn out to be
K00(r) = 1− N2
N1
, K11(r) = 1− F1
F2
,
K22(r) = K33(r) = K44(r) = 1− H1
H2
. (6.5)
On the other hand, these non-vanishing components con-
tribute to the massive graviton terms as follows:
U2 = 2
[
K00
(K11 + 3K22)+ 3K22 (K11 +K22)], (6.6)
U3 = 2K22
[
3K00
(K11 +K22)+K22 (3K11 +K22)],
(6.7)
U4 = 2
(K22)2 [K00 (3K11 +K22)+K11K22], (6.8)
U5 = 2K00K11
(K22)3 . (6.9)
Hence, the total massive graviton term UM ≡ U2+α3U3+
α4U4 + α5U5 turns out to be
UM = 2
{
K00K11
[
α5
(K22)3 + 3α4 (K22)2 + 3α3K22 + 1]
+K22
[
α4
(K22)2 + 3α3K22 + 3] (K00 +K11)
+
(K22)2 (α3K22 + 3)} . (6.10)
Similar to the previous sections, we are going to deter-
mine the non-vanishing components of the tensor H(5)µν
defined in Eq. (3.7). As a result, they turn out to be
H(5)00 = −
[
σK11
(K22)3 + β (K22)2 (3K11 +K22)
+ 3αK22
(K11 +K22)+K11 + 3K22]g00, (6.11)
H(5)11 = −
[
σK00
(K22)3 + β (K22)2 (3K00 +K22)
+ 3αK22
(K00 +K22)+K00 + 3K22]g11, (6.12)
H(5)22 = −
{
σK00K11
(K22)2
+ βK22
(
2K00K11 +K00K22 +K11K22
)
+ α
[K00K11 +K22 (2K00 + 2K11 +K22)]
+K00 +K11 + 2K22
}
g22, (6.13)
H(5)44 = H(5)33 = H(5)22 . (6.14)
It is noted that along with the tensorH(5)µν for the physical
metric gµν , there exists the tensor s
(5)
µν for the reference
metric fµν , whose non-vanishing components read
s
(5)
00 =
(
1−K00
) [
α5K11
(K22)3
+ α4
(K22)2 (3K11 +K22)+ 3α3K22 (K11 +K22)
+K11 + 3K22
]
f00, (6.15)
s
(5)
11 =
(
1−K11
) [
α5K00
(K22)3
+ α4
(K22)2 (3K00 +K22)+ 3α3K22 (K00 +K22)
+K00 + 3K22
]
f11, (6.16)
s
(5)
22 =
(
1−K22
){
α5K00K11
(K22)2
+ α4K22
(
2K00K11 +K00K22 +K11K22
)
+ α3
[(K22)2 + 2K22 (K00 +K11)+K00K11]
+K00 +K11 + 2K22
}
f22, (6.17)
s
(5)
44 = s
(5)
33 = s
(5)
22 . (6.18)
Armed with these explicit definitions, we will seek analyt-
ical solutions for both physical and reference field equa-
tions in the next subsection.
B. Analytical solutions
Now, let us come back the Bianchi constraints for the
physical and reference metrics as shown in Eqs. (3.18)
and (3.19). As a result, Eq. (3.18) leads to a set of
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non-vanishing component equations:
g11
[
∂rH(5)11 − 2Γ111(g)H(5)11
]
= g00
[
Γ100(g)H(5)11 + Γ001(g)H(5)00
]
+ g22
[
Γ122(g)H(5)11 + Γ221(g)H(5)22
]
+ g33
[
Γ133(g)H(5)11 + Γ331(g)H(5)33
]
+ g44
[
Γ144(g)H(5)11 + Γ441(g)H(5)44
]
, (6.19)
g33
[
Γ233(g)H(5)22 + Γ332(g)H(5)33
]
+ g44
[
Γ244(g)H(5)22 + Γ442(g)H(5)44
]
= 0, (6.20)
g44
[
Γ344(g)H(5)33 + Γ443(g)H(5)44
]
= 0. (6.21)
On the other hand, Eq. (3.19) implies another set of
non-vanishing component equations:
f11
{
∂r
[√
g√
f
s
(5)
11
]
− 2
√
g√
f
Γ111(f)s
(5)
11
}
=
√
g√
f
f00
[
Γ100(f)s
(5)
11 + Γ
0
01(f)s
(5)
00
]
+
√
g√
f
f22
[
Γ122(f)s
(5)
11 + Γ
2
21(f)s
(5)
22
]
+
√
g√
f
f33
[
Γ133(f)s
(5)
11 + Γ
3
31(f)s
(5)
33
]
+
√
g√
f
f44
[
Γ144(f)s
(5)
11 + Γ
4
41(f)s
(5)
44
]
, (6.22)
f33
[
Γ233(f)s
(5)
22 + Γ
3
32(f)s
(5)
33
]
+ f44
[
Γ244(f)s
(5)
22 + Γ
4
42(f)s
(5)
44
]
= 0, (6.23)
f44
[
Γ344(f)s
(5)
33 + Γ
4
43(f)s
(5)
44
]
= 0. (6.24)
Similar to the previous studies for the FLRW and
Bianchi metrics, a simple solution to both Eqs. (6.20)
and (6.21) can be solved to be
K22 = K11 = K00, (6.25)
which also makes the right-hand side of Eq. (6.19) zero.
As a result, the left-hand side of Eq. (6.19) now reduces
to
∂r
[
σ
(K00)4 + 4β (K00)3 + 6α (K00)2 + 4K00] = 0.
(6.26)
This equation can be integrated out to give an equation
of K00:
σ
(K00)4 + 4β (K00)3 + 6α (K00)2 + 4K00 = constant.
(6.27)
Hence, once this equation is solved the corresponding
solutions K00 must be constant since all coefficients σ,
β, and α are also constant. Therefore, we will set that
K22 = K11 = K00 = C¯, (6.28)
where C¯ is a constant, whose value will be figured out
later. Furthermore, this solution is equivalent to the sce-
nario that the physical metric is proportional to the ref-
erence metric,
fµν = (1 − C¯)2gµν , (6.29)
which has been discussed extensively for a number
black hole solutions of the four-dimensional massive
(bi)gravity, e.g., see some review papers in Ref. [18]. It is
straightforward to check that the solution shown in Eq.
(6.28) is also a solution of Eqs. (6.22), (6.23), and (6.24)
for the reference metric.
It is noted that the solution displayed in Eq. (6.28)
also implies that the massive graviton terms Ui’s (i =
2 − 5) along with the total graviton term UM all turn
out to be nothing but constants. In particular, we have
the corresponding effective cosmological constant for the
physical metric:
Λ¯g0 = −
C¯
M˜2g
(
σC¯3 + 4βC¯2 + 6αC¯ + 4
)
(6.30)
along with that for reference metric:
Λ¯f0 =
C¯
M˜2f (1 − C¯)4
(
α5C¯
3 + 4α4C¯
2 + 6α3C¯ + 4
)
.
(6.31)
Thanks to these results, the Einstein field equations for
the g- and f -sectors now reduce to simple forms:
Rµν(g)− 1
2
gµνR(g) + Λ¯
g
0gµν = 0, (6.32)
Rµν(f)− 1
2
fµνR(f) + Λ¯
f
0fµν = 0. (6.33)
As found in Refs. [36, 37], the field Einstein equations
(6.32) with the effective cosmological constant Λ¯g0 admit
non-trivial solutions:
N21 (r) = F
2
1 (r) = f(r) = 1−
µ
r2
− Λ¯
g
0
6
r2, (6.34)
H21 (r) = 1. (6.35)
which correspond to the following metric:
g5dµνdx
µdxν = −f(r)dt2 + dr
2
f(r)
+ r2dΩ23, (6.36)
where µ ≡ 8G5M/(3π) is a mass parameter with M
and G5 standing for the mass of source and the five-
dimensional Newton constant, respectively. Further-
more, the metric shown in Eq. (6.37) will be re-
garded as the Schwarzschild-Tangherlini-de Sitter or
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Schwarzschild-Tangherlini-anti-de Sitter black hole if
Λ¯g0 > 0 or Λ¯
g
0 < 0, respectively. On the other hand, we
will have the pure Schwarzschild-Tangherlini black hole
for the case of vanishing Λ¯g0.
It is noted that we have worked on a specific scenario,
where the reference metric is taken to be proportional
to the physical metric such as fµν = (1 − C¯)2gµν , in or-
der to satisfy the Bianchi constraints. Consequently, this
choice leads to the constant-like behavior of the massive
graviton terms in both g- and f -sectors as shown above.
Therefore, it is straightforward to obtain the correspond-
ing reference metric:
f5dµνdx
µdxν = (1− C¯)2
[
−f(r)dt2 + dr
2
f(r)
+ r2dΩ23
]
,
(6.37)
Here, the value of the constant C¯ can be figured out from
the constraint that the effective cosmological constant Λ¯g0
must be equal to (1−C¯)2Λ¯f0 . As a result, this requirement
implies the following equation of C¯:
σC¯5 − 2 (σ − 2β) C¯4 +
(
σ − 8β + 6α+ α5M˜2
)
C¯3
+4
(
β − 3α+ α4M˜2 + 1
)
C¯2
+2
(
3α+ 3α3M˜
2 − 4
)
C¯ + 4
(
M˜2 + 1
)
= 0, (6.38)
which looks identical to that of Cˆ for the FLRW metric
and that of C˜ for the Bianchi type I metric derived in
the previous sections.
For the stability of the Schwarzschild-Tangherlini-
(A)dS black holes in the context of five-dimensional mas-
sive bigravity, one might follow some recent investiga-
tions within four-dimensional spacetimes, which have
been done in Ref. [17]. In particular, the authors of pa-
pers in Ref. [17] have found by a systematic stability
analysis that the four-dimensional Schwarzschild black
holes turn out to be unstable against radial perturbations
whatever the reference metric is dynamical or not. There-
fore, the Schwarzschild-Tangherlini-(A)dS black holes of
five- (or higher)-dimensional massive (bi)gravity theory
might also be expected to be unstable. However, it is
noted that the existence of new graviton terms such as
U5 might affect on the stability of black holes of higher
dimensional massive (bi)gravity theory. Hence, it ad-
dresses further investigations to obtain valid conclusions
for the stability of the Schwarzschild-Tangherlini-(A)dS
black holes in the context of five-dimensional massive bi-
gravity. On the other hand, if one would like to have sta-
ble black holes to the five-dimensional massive (bi)gravity
theory, one might think of non-bidiagonal metrics accord-
ing to the last paper in Ref. [17], which has focused only
on four-dimensional spacetimes.
VII. FOUR-DIMENSIONAL LIMIT
As a result, we have shown that one of choices to make
the graviton terms constant is that the dynamical refer-
ence metric fµν is taken to be proportional to the phys-
ical one gµν under the relation fµν = (1 − C)2gµν with
C = Cˆ, C˜, and C¯ for the FLRW, Bianchi type I, and
Schwarzschild-Tangherlini metrics, respectively. More-
over, the equations of proportional factors, Cˆ, C˜, and
C¯, which will give us their corresponding values, have
appeared to be in the same form as displayed in Eqs.
(4.37), (5.45), and (6.38):
σC5 − 2 (σ − 2β) C4 +
(
σ − 8β + 6α+ α5M˜2
)
C3
+4
(
β − 3α+ α4M˜2 + 1
)
C2
+2
(
3α+ 3α3M˜
2 − 4
)
C + 4
(
M˜2 + 1
)
= 0. (7.1)
We might expect that this equation might be valid for
a number of reference and physical metrics, which are
diagonal and proportional to each other, of the five-
dimensional massive bigravity. Once again, we note that
in the dRGT limit, where s
(5)
µν = 0 due to the non-
dynamical property of the reference metric fµν , the cor-
responding equation of C turns out to be identical to that
investigated in [27]:
α5C3 + 4α4C2 + 6α3C + 4 = 0. (7.2)
Note that the four-dimensional limit of the bigravity
cannot be recovered by simply setting α5 = 0 in the five-
dimensional scenario. The reason is that the graviton
terms living in five-dimensional spacetimes contain more
terms than that in four-dimensional spacetimes. There-
fore, setting α5 = 0 does not kill extra terms in Ui’s.
Following the investigations done in Ref. [27], the coef-
ficient α5 associated with the existence of U5 should be
fine-tuned in order to recover effective cosmological con-
stants of four-dimensional models.
To improve this claim, we now consider an example,
in which the four-dimensional FLRW metric is adopted
for both physical and reference metrics of the following
four-dimensional massive bigravity as follows
ds24d(gµν) = −N21 (t)dt2 + a21(t)d~x2, (7.3)
ds24d(fµν) = −N22 (t)dt2 + a22(t)d~x2. (7.4)
For details of four-dimensional massive bigravity, one can
see the section II. As a result, the corresponding four-
dimensional graviton terms Ui’s (i = 2 − 4) are defined
to be
U2 = 3Σ (γ +Σ) ; U3 = Σ2 (γ +Σ) ; U4 = γΣ3; (7.5)
UM = Σ
[
(α4γ + α3)Σ
2 + 3 (α3γ + 1)Σ + 3γ
]
. (7.6)
Note again that U5 = 0 in all four-dimensional space-
times. Additionally, the following components of tensor
Hµν(g) appearing in the four-dimensional Einstein field
equations for the physical metric gµν turn out to be
H00 =− Σ
(
βΣ2 + 3αΣ+ 3
)
g00, (7.7)
Hii =−
[
γ
(
βΣ2 + 2αΣ + 1
)
+Σ(αΣ + 2)
]
gii, (7.8)
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along with that of tensor sµν(f) in the f -sector given by
s00 =− (γ − 1)Σ
(
α4Σ
2 + 3α3Σ + 3
)
f00, (7.9)
sii =− (Σ− 1)
[
(α4γ + α3) Σ
2 + 2 (α3γ + 1)Σ + γ
]
fii.
(7.10)
Similar to the five-dimensional case, we will focus on
the solution making the graviton terms constant:
γ = Σ = C0, (7.11)
where C0 is a constant, whose equation will be figured
out later. Note that this solution corresponds the pro-
portional metrics, i.e.,
fµν = (1− C0)2gµν . (7.12)
Hence, the corresponding effective cosmological con-
stants in g- and f -sectors can be evaluated as follows
Λg0 = −
C0
M˜2g
(
βC20 + 3αC0 + 3
)
, (7.13)
Λf0 =
C0
M˜2f (1 − C0)3
(
α4C
2
0 + 3α3C0 + 3
)
. (7.14)
As a result, the following equation of C0 reads from an
equality Λg0 = (1− C0)2Λf0 as
βC30 +
(
β + 3α− α4M˜2
)
C20 − 3α3
(
M˜2 + 1
)
C0
−3
(
M˜2 + 1
)
= 0. (7.15)
It turns out that in the dRGT limit, this equation will
reduce to that derived in [29]:
α4C
2
0 + 3α3C0 + 3 = 0. (7.16)
Once the value of C0 is solved from the above equation,
the effective cosmological constants Λg0 and Λ
f
0 shown in
Eqs. (7.13) and (7.14) will be calculated accordingly.
It appears that these constants are consistent with that
investigated in previous papers on the Schwarzschild so-
lutions of massive bigravity, e.g., see Eqs. (20) and (23)
in the first paper listed in [18]. Hence, it might be ex-
pected that the expressions in Eqs. (7.13) and (7.14)
along with the corresponding equation (7.15) might also
be valid for other metrics fµν proportional to gµν of the
four-dimensional bigravity.
It appears that Λf0 for the f -sector as defined in Eq.
(7.14) vanishes when
α4C
2
0 + 3α3C0 + 3 = 0 (7.17)
assuming that C0 6= 1. Solving this equation gives us
non-trivial solutions of C0:
C0 =
−3α3 ±
√
3 (3α23 − 4α4)
2α4
, (7.18)
with the requirement that α23 > (4/3)α4. Note that the
corresponding Λg0 should also be zero. This implies that
C0 = − 3
α3
. (7.19)
Equating Eq. (7.18) to Eq. (7.19) leads to a relation
between α3 and α4:
α4 =
2α23
3
. (7.20)
As a result, these results are consistent with that in-
vestigated in the four-dimensional massive gravity [27,
29], where the reference metric is assumed to be non-
dynamical. Indeed, the effective cosmological constant
derived from the following massive graviton terms in
the four-dimensional dRGT gravity will be zero if the
α4 = 2α
2
3/3 [27, 29].
Now, we will see whether the effective cosmological
constants of five-dimensional massive bigravity reduce to
that of four-dimensional one assuming they share the
same proportional factor, i.e., C0 = C. As a result, it
turns out that if the condition
σC3 + 3βC2 + 3αC + 1 = 0, (7.21)
holds then both Λg0 and Λ
f
0 shown in Eqs. (7.13) and
(7.14) will be recovered from that defined in the context
of five-dimensional massive bigravity as shown in Eqs.
(4.32) and (4.36), respectively.
VIII. CONCLUSIONS
In this paper, we would like to study some higher di-
mensional scenarios of the massive bigravity [8, 11, 24,
25]. In particular, a five-dimensional massive bigravity
model has been investigated systematically in this paper
for some well-known metrics such as the FLRW, Bianchi
type I, and Schwarzschild-Tangherlini ones, which have
also been discussed in the context of five-dimensional
dRGT gravity [27]. Due to the dynamical feature of the
reference metric fµν in the context of massive bigravity,
its field equations turn out to be more complicated than
that derived in the dRGT gravity, where the reference
metric is assumed to be non-dynamical. In particular,
the general expression of the Einstein field equations of
the reference metric has been derived along with that of
the physical metric [24, 25]. Additionally, the following
Bianchi identities for both physical and reference metrics
have also been addressed consistently. As a result, the
Bianchi constraints, especially ones for fµν , have played
an important role in order to simplify the Einstein field
equations in both g- and f -sectors by making all graviton
terms constant.
It has appeared that the obtained solutions in the
present paper are slightly different from that investigated
in the five-dimensional massive gravity [27] due to the dy-
namical property of the reference metric fµν . In partic-
ular, the field equations of reference metric in the dRGT
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theory are algebraic such that they can easily be solved.
The corresponding graviton terms calculated from the
physical and reference metrics, which are taken to be
compatible with each other, are then automatically con-
stant without introducing any further constraint. In the
massive bigravity, the Bianchi identities have been ap-
plied for a number of physical and compatible reference
metrics. As a result, one of possible solutions satisfying
the Bianchi constraints is that the reference metric is pro-
portional to the physical metric, i.e., fµν = (1 − C)2gµν
with C is a proportional factor [24, 25]. Note that this
solution has been shown to be valid for all metrics stud-
ied in this paper. This result is also valid for the four-
dimensional massive gravity studied in many published
papers [10, 11, 18]. Note that the equation determining
the value of C in the five-dimensional bigravity has been
defined in Eq. (7.1). Thanks to the constant-like be-
havior of massive graviton terms under the assumption
that the refernce metrics are proportional to the physical
metrics, we have been able to derive some cosmological
solutions for both g- and f -sectors. We have also ex-
amined whether the effective cosmological constants de-
rived from four-dimensional massive graviton terms can
be recovered in the context of five-dimensional massive
bigravity.
Similar to the massive gravity [27, 29], the stabil-
ity analysis has been performed for the Bianchi type I
in order to test the validity of the no-hair conjecture
proposed by Hawking and his colleagues long time ago
[33–35]. As a result, we have shown that the obtained
five-dimensional Bianchi type I metrics are indeed stable
against field perturbations. This means that the cos-
mic no-hair conjecture is indeed violated not only in
the massive gravity [27, 29, 30] but also in the mas-
sive bigravity. For the stability of the Schwarzschild-
Tangherlini-(A)dS black holes, it needs further investiga-
tions, which should follow the results analyzed in papers
[17] for the four-dimensional Schwarzschild black holes
in the context of massive (bi)gravity. One should also be
aware of the stability analysis done in papers [37], which
deal only with massless gravitons, for the Schwarzschild-
Tangherlini-(A)dS black holes.
Besides the Schwarzschild-Tangherlini-(A)dS black
holes, one could expect that other higher dimensional
black holes [38] such as the Myers-Perry black holes [39]
might also exist in the five-dimensional massive bigravity
since the Kerr black holes have been shown to appear in
the four-dimensional massive bigravity [16]. One could
also consider five- (or higher) dimensional scenarios for
some interesting extensions of the massive bigravity such
as the f(R) bigravity [21], the scalar-tensor bigravity [22],
and the massive bigravity with non-minimal coupling of
matter [23]. A higher dimensional version of the multi-
metric gravity [9, 10] should also be investigated in the
near future. Finally, we would like to note that a detailed
confirmation of the ghost-free property of higher dimen-
sional massive (bi)gravity should be done by one way or
the other, although this task might be straightforward as
claimed in Ref. [24] since one might follow the proofs for
the four-dimensional massive (bi)gravity [5, 11].
We hope that the present study along with that in [27]
could shed more light on the nature of massive (bi)gravity
as well as its extensions.
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